A solid density target irradiated by a high-intensity laser pulse can become relativistically transparent, which then allows it to sustain an extremely strong laser-driven longitudinal electron current. The current generates a filament with a slowly-varying MT-level azimuthal magnetic field that has been shown to prompt efficient emission of multi-MeV photons in the form of a collimated beam required for multiple applications. This work examines the feasibility of using an x-ray beam from the European XFEL for the detection of the magnetic field via the Faraday rotation. Post-processed 3D particle-in-cell simulations show that, even though the relativistic transparency dramatically reduces the rotation in a uniform target, the detrimental effect can be successfully reversed by employing a structured target containing a channel to achieve a rotation angle of 10 −4 rad. The channel must be relativistically transparent with an electron density that is lower than the near-solid density in the bulk. The detection setup has been optimized by varying the channel radius and the focusing of the laser pulse driving the magnetic field. We predict that the Faraday rotation can produce 10 3 photons with polarization orthogonal to the polarization of the incoming 100 fs long probe beam with 5 × 10 12 x-ray photons. Based on the calculated rotation angle, the polarization purity must be much better than 10 −8 in order to detect the signal above the noise level.
Introduction
Photon beams with energies in the multi-MeV energy range can have multiple biomedical [1, 2] and national security [3, 4] applications and they can also open up new areas of fundamental research that heavily rely on photon collisions [5] . Motivated by these prospects, a significant effort has been directed towards identifying and exploring physics regimes that would enable efficient generation of gamma-rays [6, 7, 8, 9] . Some of the novel and efficient schemes rely on ultra-intense laser pulses that are expected to become available at the next generation of laser facilities that are currently under construction, such as the Extreme Light Infrastructure [10] .
One recently proposed regime that might be accessed at the already existing laser facilities involves extreme Megatesla-level magnetic fields that are volumetrically driven in an solid target irradiated by an intense laser pulse [11, 12] . Deflections of laser-accelerated electrons in such a strong field lead to emissions of energetic photons and result in an unprecedented efficiency. Three dimensional (3D) kinetic simulations predict that more than 3% of the incoming laser energy can be converted into multi-MeV photons at laser intensities not exceeding 5 × 10 22 W/cm 2 .
The ultra-high laser intensity is the key to achieving this regime, since a strong electric field is required to make a significantly over-critical and otherwise opaque plasma relativistically transparent. Electron motion becomes ultra-relativistic in the strong laser field, so the electrons become effectively heavier and an opaque plasma becomes transparent to the laser pulse. The onset of relativistic transparency enables laser propagation through an over-critical plasma at solid densities and makes it possible to drive strong, but relatively slow-varying, azimuthal magnetic fields.
Successful detection of magnetic fields is the key to experimental validation of those regimes that critically depend on the presence of extreme magnetic fields in the laser-irradiated plasma, such as the regime of efficient gamma-ray generation. However, the combination of the unprecedented magnetic field strength and high plasma density rules out conventional optical and charged particle probing techniques as methods of measuring the magnetic fields of interest.
The goal of this work is to examine the feasibility of using an x-ray free electron laser (XFEL) [13, 14, 15, 16] as a magnetic field detection tool in the regimes of laser-plasma interaction similar to the one described above. In order to be quantitative, we perform our 3D particle-in-cell (PIC) simulations and the subsequent post-processing analysis for the parameters that are projected for the high energy density (HED) station [17] at the European XFEL [15] . We find that the polarization rotation of the x-ray beam is dramatically reduced in our regime of interest compared to what was predicted for a regime where the laser-plasma interaction is restricted to the surface of the target [18] . The cause of the reduction is the relativistically induced transparency that enables propagation of the laser pulse and its volumetric interaction with the plasma. We demonstrate that the detrimental effect of the relativistic transparency on the polarization rotation can be successfully mitigated by employing a structured target. The target structure leads to an electron density increase in the region with a strong magnetic field that is located at the periphery of the laser beam, while simultaneously reducing the characteristic electron relativistic γ-factor. We have further optimized this setup by varying the focal parameter of the laser pulse and the radius of the channel while keeping the laser pulse duration and its energy fixed. Our main conclusion is that an optimal setup can produce detectable polarization rotation of the probing x-ray beam even in the presence of the relativistic transparency. Therefore, XFEL beams present a viable option for detecting extreme laser driven magnetic fields (hundreds of kT in strength) that are embedded in a dense optically opaque plasma and driven by a 300 TW level laser.
Assessment of the established magnetic field detection techniques
Successful detection of magnetic fields is the key to experimental validation of those regimes that critically depend on the presence of such fields inside a plasma. Our regime of interest has two distinct features. The magnetic field is at least an order of magnitude stronger than the fields that have been previously detected. In addition to that, the magnetic field is embedded in a plasma whose density is almost two orders of magnitude higher than the critical density for an optical laser, which means that this plasma is opaque. In what follows, we assess the feasibility of using common detection techniques for this specific regime and show that a different approach is required.
There are two approaches that have been successfully applied in the past to detect transient magnetic fields generated during laser-plasma interactions. One approach is to utilize the deflection of charged particles (protons [19, 20] or electrons [21] ) caused by the fields. The other approach is to utilize a magneto-optical phenomenon known as the Faraday effect [22, 23, 24, 25] . This effect manifests itself as a rotation of the polarization plane in the transmitted light, with the rotation proportional to the strength of the magnetic field. Out of these two approaches, only the one that involves energetic particles can be applied to detect the magnetic field in our regime. The optical probing is automatically ruled out since the field is surrounded by an optically opaque material.
Probing plasma electric and magnetic fields using laser-driven proton beams is one of the more mature and, as a result, frequently used techniques. Laser-accelerated proton beams have unique properties, such as the ps-scale duration and high laminarity, that make them ideal for measurements that require simultaneous temporal (ps scale) and spatial (tens of micrometers) resolution. As MeV-level protons penetrate an overcritical plasma, they are deflected by electric and magnetic fields while their trajectories remain relatively unaffected by binary collisions. The plasma field topology is then reconstructed from the resulting proton deflection image [26] . A key advantage of using protons is that they enable probing of optically opaque (overcritical) plasmas. This technique has been applied to probe magnetic fields that develop in subcritical (optically transparent) plasmas. It has been used to complement optical Faraday rotation measurements, which enabled successful detection of magnetic fields with a strength in the kT range [19, 20] .
The key parameters in our regime of interest differ in two significant ways from those encountered in experiments where the proton probing was used successfully: the strength of the magnetic field is significantly higher, while the transverse size of the volume occupied by the magnetic field is much smaller. Detecting a MT-level magnetic field would require protons with energies in the range of 100 MeV, since this magnetic field is almost two orders of magnitude stronger than what is being currently detected. Laminar laser-driven proton beams with these energies are not yet available. The transverse size of the magnetic field that needs to be detected is roughly 10 µm [11, 12] . It is comparable to the virtual source size of the available proton beams. Therefore, the detection technique involving such beams lacks the required resolution.
High energy relativistic electrons might be an attractive option for probing the regime of interest due to their extended propagation length in solid density plasmas, but the energies required to probe MT-level magnetic fields appear to be beyond the capabilities of what is typically achievable using laser-plasma accelerators. We arrive to this conclusion based on the fact that, according to our kinetic simulations [11, 12] , the laser-driven magnetic field that we intend to measure easily confines electrons with energies approaching 1 GeV. Therefore, electron beams with energies much higher than 1 GeV would be needed to image the magnetic field structure.
Evidently, none of the available techniques are well-suited for detecting MT-level magnetic fields in solid-density plasmas. It is therefore paramount to investigate and develop alternative options and such an investigation is the objective of this paper.
3 Preliminary assessment of x-ray Faraday rotation as a detection technique X-ray free electron lasers, such as LCLS at SLAC [13] , SACLA at Riken Harima [16] , and now the European XFEL [15] , offer an intriguing alternative of using x-ray photons to detect strong magnetic fields inside a dense plasma. For example, an x-ray beam of 6 keV photons can easily penetrate a plasma whose electron density is 100 times higher than the critical density for an optical laser pulse with a 1 µm wavelength. Conceptually, this approach would be similar to that used for optical probing of magnetic fields in plasmas [22, 23, 24, 25] . The polarization plane of a linearly polarized x-ray beam would rotate as it passes through a dense plasma with a magnetic field. The rotation angle scales as ∆φ ∝ B n e ∆l, where n e is the electron density, ∆l is the thickness of the plasma that contains the magnetic field, and B is the strength of the magnetic field component directed along the path traveled by the beam. The rotation angle would thus contain the information about the strength of the magnetic field that one can then try to recover. The ability of an x-ray beam to easily probe a magnetic field inside a very dense plasma is a direct consequence of its frequency ω * being much higher than the frequency ω of an optical laser beam. The increased transparency however comes at a cost. The rotation angle scales as ∆φ ∝ 1/ω 2 * , so the rotation angle drops as the frequency increases. Clearly, the key issue for this approach is the strength of the detectable signal. It has to be evaluated for a specific experimental setup to determine the feasibility of the approach.
One such study has been recently performed to assess the detection of kT-level magnetic fields [18] driven by the HiBEF [17] High Intensity optical laser at the European XFEL. In the considered setup, numerous magnetic field filaments are driven inside a solid density plasma by streaming hot electrons, launched into the target by the laser pulse. The magnetic field is primarily azimuthal in these filaments whose typical transverse size is 0.4 µm. It was calculated that the corresponding Faraday rotation for a 6.457 keV x-ray beam of the European XFEL [15] is several hundred µrad. This rotation is accumulated as the x-ray beam traverses multiple filaments in the plasma. The authors of the study have deduced that the calculated Faraday rotation should be detectable via x-ray polarimetry [27] using Si channel-cut crystals as polarizers. The x-ray signal would have to be integrated over tens of shots in order to obtain a good signal to noise ratio. It is worth pointing out that the polarization of the probe beam changes not only if it propagates parallel to the magnetic field lines (Faraday rotation). The polarization changes even if the propagation direction is normal to the field lines, which is often referred to as the Cotton-Mouton effect. We find that for the 6.457 keV x-ray probe beam and a 0.4 MT magnetic field the strongest rotation occurs when the x-ray beam propagates parallel to the magnetic field lines, which is the Faraday rotation (see Appendix A). In the case of a cold plasma, the Cotton-Mouton effect is smaller by a factor of ω ce /ω * ≈ 7 × 10 −3 , where ω ce is the electron cyclotron frequency for the considered magnetic field. This is the reason why we focus on the Faraday rotation in the remainder of the paper. This preliminary discussion indicates that, in principle, the Faraday rotation of x-ray beams offers a path to detecting magnetic fields in optically opaque plasmas. An XFEL beam posses a combination of spatial and temporal resolutions needed to detect µm-size magnetic structures that exist for less than 100 fs is required.
4 Preliminary assessment of the role played by the relativistic transparency
Our regime of interest has an important feature that distinguishes it from the regime considered in the published feasibility study [18] and described in Section 3. This feature is the relativistically induced transparency that enables an ultra-intense laser pulse to propagate through a dense plasma and drive a strong longitudinal electron current [11, 12, 28, 29] . The magnetic field is generated and supported by this current in a region with a very energetic bulk electron population, as opposed to being generated in an effectively cold plasma [18] . In this Section, we examine how the presence of the heated bulk electrons affects the Faraday rotation of an x-ray probe beam. Figure 1a shows a generic setup that can be used to generate a strong magnetic field using relativistically induced transparency. The key is to correctly choose the target material for a given peak electric field amplitude E 0 of the irradiating laser pulse. It is convenient to use the so-called normalized laser amplitude, a 0 = |e|E 0 /m e cω, to make this assessment. Here m e and e are the electron mass and charge, while ω is the frequency of the laser pulse. The plasma is transparent if the electron density n e satisfies the condition n e γ av n cr , where γ av is the characteristic (average) relativistic factor of the bulk electron population and n cr is the classical critical density defined as n cr ≡ ω 2 m e /4πe 2 . Typically, the γ-factor resulting from bulk electron heating by the laser can be estimated as γ av ≈ a 0 . Then the condition that must be satisfied by the target electron density in order for the target to become relativistically transparent is n e a 0 n cr = a 0 m e ω 2 4πe 2 .
It is helpful to view the increased transparency as a result of an effective mass increase, with the electron mass "increasing" to γ av m e ≈ a 0 m e due to the relativistic motion. The fact that the plasma becomes transparent to the irradiating laser beam means that it would also become more transparent to the probing x-ray beam. The heating is therefore likely to significantly reduce the Faraday effect and, as a result, the polarization rotation compared to the case where the plasma electrons are assumed to be cold. In order to provide a preliminary assessment of this effect, we consider a simple case of a uniform plasma with cold electrons. The magnetic field B is also uniform and it is probed by a linearly polarized x-ray beam propagating along the magnetic field lines. In this case, the polarization rotates by
where ∆l is the distance traveled by the probe beam and
is the critical density for the considered x-ray beam with frequency ω * . We can now estimate the polarization rotation in a plasma with relativistically hot electrons, ∆φ hot . We account for the relativistic motion by changing the electron mass to γ av m e in Eq. (2), which represents the effective mass increase mentioned earlier, and find that
where we also took into account that the classical critical density n * increases by a factor of γ av . This estimate roughly matches the expression that has been rigorously derived for a relativistic electron population with a Maxwell-Jüttner momentum distribution [30, 31, 32, 33, 34] . Appendix A provides an exact expression for ∆φ hot together with particle-in-cell simulation results performed for a wide range of γ av values.
The obtained estimate indicates that we should expect for the polarization rotation to be dramatically reduced in our regime of interest that involves relativistic transparency. Indeed, the rotation decreases by two orders of magnitude even for a driving laser pulse with a 0 ≈ 10, since γ av ≈ a 0 . Some of our previous studies used an even higher laser amplitude, with a 0 > 100, to achieve a significant increase in the gamma-ray yield [11, 12] . Based on the simple estimate given by Eq. (4), the rotation in these regimes should drop by four orders of magnitude. Electron and ion densities in the channel n e = n H +1 = 20n cr Bulk ion species C
+6
Electron and ion densities in the bulk n e = 6n C +6 = 100n cr
To conclude this section, we use typical parameters observed in PIC simulations of the relativistically transparent regime [11, 12] to estimate the polarization rotation ∆φ hot for a 6.457 keV XFEL beam [18, 35] . We assume that the magnetic filament that causes the polarization rotation is 5 µm thick. The magnetic field is 400 kT and the electron density is 20 n cr , where n cr corresponds to a driving laser pulse with a wavelength of 800 nm. The wavelength of the x-ray beam is 0.192 nm, so that n cr /n * = (0.192/800) 2 ≈ 5.8 × 10 −8 . It then follows from Eq. (4) that ∆φ hot ≈ 5.1 × 10 −8 rad. In contrast to that, the same filament would rotate the polarization by ∆φ cold ≈ 5.5 × 10 −4 rad if the electrons were cold.
Our estimate for the rotation in a relativistically transparent plasma provides a useful baseline, but it should be viewed as "the worst case scenario" because it ignores transverse variations of γ av . In the case of a relativistically transparent plasma filament embedded in a cold over-critical plasma, the average relativistic factor γ av changes dramatically across the filament. It falls from its maximum value in the center where the laser pulse has the strongest field to γ av ≈ 1 at the periphery of the laser beam. Moreover, the azimuthal magnetic field that increases towards the periphery of the filament, which should further affect the rotation angle. In the next section, we explore the impact that these variations have on the rotation angle and show that they can be used to increase it.
5 Impact of relativistic transparency on x-ray Faraday rotation in a uniform target
Electron heating is inherently nonuniform in the regime where relativistic transparency plays a central role and such a nonuniformity can significantly impact the polarization rotation of the xray beam. In order to examine this effect, we have carried out three-dimensional (3D) particle-in-cell (PIC) simulations that provide detailed information about spatial profiles of the characteristic γ-factor, n e , and the magnetic field that we are interested in probing with the x-ray beam. Detailed simulation parameters are given in Table 1 . Figure 1 shows snapshots from a simulation where a high-intensity laser pulse propagates through an initially uniform over-critical plasma with n e = 20n cr while generating a strong azimuthal magnetic field. The peak intensity of the incoming laser pulse in the absence of the target is 8 × 10 22 W/cm 2 . We choose this value because it is an upper limit for the high-intensity optical laser at the HiBEF HED station based on its specifications. The laser wavelength is 800 nm, so the normalized laser amplitude is a 0 ≈ 200. In agreement with the condition given by Eq. (1), the target becomes transparent when irradiated by this laser pulse.
In this simulation, the instantaneous magnetic field (see Fig. 1a ) reaches a maximum value of 2 MT, which includes the field of the incoming and reflected pulses and the field generated by the plasma. The maximum amplitude without the plasma would have been B 0 ≡ 2.6 MT in the focal plane located at x = 0 µm. The laser pulse drives a magnetic field in the plasma that is evolving on a time-scale comparable to the laser pulse duration rather than rapidly oscillating with the laser frequency. The structure of this field is shown in Fig. 1b . It is calculated by time-averaging the total magnetic field over four laser periods, with the averaging indicated by the angular brackets. The amplitude of this slowly-evolving field is 0.15B 0 or 0.4 MT, which confirms that the relativistically induced transparency indeed enables volumetric generation of a strong azimuthal magnetic field. In order to quantify the impact of the electron heating, we have post-processed our simulation results in two different ways: 1) neglecting the electron heating, thus assuming that the electrons are cold; and 2) accounting for the electron heating by adjusting the polarization rotation using γ av . The Faraday rotation is calculated for a 6.457 keV XFEL beam [18, 35] . In all our postprocessing calculations, the x-ray beam propagates along the y-axis, as shown in Fig. 1a . The electric field of the incoming x-ray beam has only a z-component. The x-ray polarization rotation is found by evaluating the following integral along y for all values of (x, z) on our grid:
where n * is the classical critical density for the x-ray beam defined by Eq. (3). It is convenient to express it in terms of the critical density n cr for the irradiating laser pulse: n * ≈ 1.74 × 10 7 n cr . The function α(x, y, z) represents the change of the optical properties due to electron heating. If the electrons are non-relativistic, then α = 1. Appendix A provides a compact analytical expression for α as a function of γ av that was confirmed using particle-in-cell simulations. Figure 3a shows the rotation angle calculated under the assumption that the plasma electrons are non-relativistic, i.e. by setting α(x, y, z) = 1 in Eq. (5). The maximum polarization rotation exceeds 0.1 mrad. According to the previously published research [18] , this level of rotation might in principle be experimentally detectable in a single-shot experiment. The "hollow" spatial distribution of the signal is typical for the azimuthal field that we are probing. The signal peaks away from z = 0 because only B y contributes to the polarization rotation in our setup and this component increases away from z = 0. Snapshots from a 3D PIC simulation of a structured target with a cylindrical channel irradiated by a high-intensity laser pulse. Initially, the electron density in the channel is 20n cr , whereas the electron density in the bulk of the target is 100n cr . The instantaneous magnetic field is shown in (a), whereas the time-averaged magnetic field is shown in (b). In both cases, the electron density is time-averaged. Figure 3b gives the rotation calculated by taking into account the heating of the electrons by the laser. As expected, the rotation angle is significantly reduced throughout the domain where the regions with high γ av (see Fig. 2a ) suppress the polarization rotation. The maximum rotation angle is only about 10 µrad and it is observed close to the surface of the target. Such a low signal is beyond a single-shot detection capability. In order to be detected, it would have to be reconstructed by integration over a large number of shots. 
Increased Faraday rotation in a structured target
Our analysis in Sec. 5 has confirmed the initial assessment that the magnetic field detection is much more challenging in the presence of the relativistically induced transparency that dramatically reduces the polarization rotation. However, the rotation can be enhanced by employing structured targets. Our previous research has already showed that structured targets are beneficial for gammaray generation [11, 12] . In what follows, we demonstrate that they can also be used to make the magnetic field detection less challenging, as compared to the case of a uniform target. A structured target that we use in our simulations consists of a bulk material with electron density of 100n cr and a narrow channel with electron density of 20n cr . We assume that the material of the bulk and the material of the channel become fully ionized prior to the arrival of the intense laser pulse. The material of the bulk is plastic, represented by carbon ions. The material of the channel is hydrogen. Detailed simulation parameters are given in Table 1 . Figure 4 shows a snapshot from our 3D PIC simulation with the structured target. The channel becomes much more transparent than the bulk when irradiated by the intense laser pulse and this is what leads to the observed guiding of the laser pulse. Figure 5b shows the polarization rotation of the x-ray probe beam after it has traversed the structured target. The post-processing is performed by taking into account electron heating by the propagating laser pulse. For comparison, Fig. 5a shows the polarization rotation from the simulation with a uniform target. The rotation is increased by an order of magnitude in the case of the structured target, which clearly shows the advantage of using such a target.
There are three factors that can potentially contribute to the increased rotation: 1) increased magnetic field, 2) reduced characteristic electron energy, i.e. γ av , in the region with a strong magnetic field, and 3) increased electron density in the region with a strong magnetic field. There is no significant increase in the maximum value of B y , so the target structure enhances the signal without significantly altering the field that we are trying to detect. This enhancement is caused by relative changes in the spatial profiles of γ av and n e with respect to B y . Indeed, there is no global reduction of γ av (see Fig. 2 ) and the initial electron density in the channel is equal to the initial electron density in the uniform target. In order to gain insight into relative changes of the field, density, and the γ-factor, we have examined the rotation caused by a thin plasma slice. The slice is only 0.05 µm or one cell thick in the y-direction, which eliminates integration along y. We chose the slice located at y = 0 µm primarily because the plasma magnetic field is almost perpendicular to this slice in the entire (x, z)-plane and thus its effect on the polarization rotation is maximized. We found that the maximum polarization rotation is almost 50 times higher for the structured target than for the initially uniform target. Figure 6 shows the correlation between the rotation angle φ and the local values of γ av , n e , and B y that cause this rotation. We only show the top 10% of φ from the (x, z)-plane, with each marker representing a separate point of the (x, z)-grid. The strongest signal in the structured target originates from a region where γ av is roughly two times lower than γ av of the initially uniform target. More importantly, the corresponding density in the structured target is significantly higher than the corresponding density in the initially uniform target. These values even exceed the initial density in the bulk of the structured target (100n cr ), which suggests that the strong magnetic field is not fully contained in the channel.
All of the data-points shown in Fig. 6 are located at the periphery of the magnetic filament, because γ av peaks at the center of the filament (z = 0) and decreases radially outwards. Figure  7 shows contours of n e and γ av −2 in a small region at the periphery of the magnetic filaments for the two types of targets. The background color is the strength of B y . We have plotted γ av −2 rather than γ av , because this is the quantity that determines the polarization rotation for relativistic electrons. It is evident from Fig. 7b that the strong magnetic field of the structured target exists in a region that is much denser than the channel (see Fig. 7a ). In this region, hot electrons from the channel mix with the cold electrons from the bulk, which causes a drop on γ av . As a result, the values of γ av −2 are increased (compare Figs. 7c and 7d ) and the polarization rotation is increased as well compared to the case of the initially uniform target.
We then conclude that the structured target has two important benefits that lead to an increased polarization rotation: the bulk electrons increase the density in the region with a strong magnetic field, while simultaneously they reduce the characteristic γ-factor. Table 2 : Optimal channel radius R opt for different focal laser parameters, where the laser spot size w 0 is the FWHM for the laser intensity in the focal plane located at the entrance into the channel and I L is the laser peak intensity in the focal plane (in the absence of the target).
Setup optimization for enhanced Faraday rotation
As discussed above, we have already established that using a structured target is advantageous for the detection of strong laser-driven magnetic fields in a relativistically transparent plasma. In this section, we show that the setup can be further optimized by adjusting the focusing of the laser pulse and the radius of the channel, while keeping the laser pulse duration and energy fixed. In order to make our results experimentally relevant, we perform our optimization analysis for a 300 TW laser pulse that delivers 10 J of energy on target over 30 fs. These are the same laser parameters that are expected to be available at the HED station at the European XFEL where a 300 TW class Ti:Sa laser system is currently being installed by the HiBEF user consortium. Laser peak intensity is the key parameter that determines whether the irradiated target becomes relativistically transparent or not. The intensity can be adjusted by adjusting the size of the laser focal spot. In practice, this is usually achieved with the help of focusing optics and without having to adjust the duration or energy of the laser pulse. We use the same approach in our simulations to optimize the setup, where we vary the size of the focal spot w 0 to achieve six different peak laser intensities I L given in Table 2 .
There are additional reasons for performing the optimization. The tightest possible focusing that we have used so far in our simulations corresponds to an experimental setup with an f-number equal to 1, so this regime is difficult to achieve experimentally because of the associated stringent demands on the spatial phase of the laser beam. Moreover, the corresponding focusing optics has to be placed relatively close to the target, which increases the risk of damaging it during shots. Therefore, it would be preferable to use a setup with a higher f-number, provided that it can deliver a signal comparable to what we have calculated in the previous section. Furthermore, the laser defocusing can be beneficial since the azimuthal magnetic field linearly increases with the radius of the magnetic filament for a given longitudinal electron current density in the plasma. Results of additional simulations with higher f-numbers corroborate this statement. As shown in Fig. 8a , the maximum azimuthal magnetic field indeed remains strong as we defocus the incoming laser pulse. Figure 8b shows snapshots of the x-ray polarization rotation induced by a target irradiated in an f3 focusing setup (see Table 2 ). The radius of the channel is 1.3 µm. Even though the peak laser intensity is only 8 × 10 21 W/cm 2 , the maximum rotation is comparable to that shown in Fig. 5 for the f1 setup where the peak intensity is ten times higher. This indicates that there is indeed room for optimization. The maximum rotation angle is an important indicator of the magnetic field strength, but it may not be the best metric for comparing different focusing configurations because, strictly speaking, it only represents a single cell in the (x, z)-plane. [a] Table 2. [b] Three snapshots of the x-ray beam polarization rotation in the case of the f3 laser focusing configuration (see Table 2 ).
In order to compare different focusing configurations, we compute what we call the detectable area. This is the area in the (x, z)-plane where the polarization rotation of the probing x-ray beam exceeds the minimum detectable angle. Based on previously published results for the European XFEL setup [18] , we choose 10 µrad to be the threshold value. The detectable area is calculated for snapshots of the required plasma parameters that are averaged over four laser periods. On the other hand, an x-ray photon travels four laser wavelengths or 3.2 µm during this time interval. This distance is roughly equal to the diameter of the considered channel and thus our approach of using a single snapshot of time-averaged parameters is self-consistent 1 .
We perform the optimization of the detectable area in two steps. Our first step is to optimize the channel radius for each laser configuration. Our second step is to compare the optimized detection areas for different focusing configurations. Figure 9a shows how the detectable area changes in time for the f1 setup and four different target configurations. In this case, the optimal channel radius is R opt ≈ 0.8 µm. This is the target configuration that was used in the simulations discussed in Section 6 (see Table 1 for more details). Employing the same approach, we found R opt for all of the considered laser focusing configurations, with the results of the optimization listed in Table 2 . The optimal channel radius is essentially the same for f2, f3, and f4 setups. This nontrivial outcome underscores the importance of the adopted optimization approach. Figure 9: The two-step optimization of the detectable area with a threshold rotation angle of ∆φ t = 10 µrad. (a) Optimization of the channel radius R ch for the f1 setup. The optimal radius is R opt = 0.8 µm (see Table 2 ). (b) Optimization of the detectable area for different focusing setups with their own optimal radius R opt listed in Table 2 . Figure 9b shows how the detectable area changes in time for each of the considered laser focusing configurations with a corresponding optimal channel radius R opt . The biggest detectable area is achieved by using the f2 setup rather than the f1 setup that delivers the highest on-target laser intensity. These results indicate that there is flexibility in terms of the focusing setups. Our main conclusion is that choosing an f2 setup for the first day experiments at the HED instrument at the European XFEL would allow us to meet stringent demands on the experimental setup and laser beam focusing quality without reducing the rotation or the magnetic field strength.
Synthetic diagnostic for Faraday rotation of an x-ray probe beam
In this section we use our already discussed 3D simulation results to calculate a simplified diagnostic readout in order to determine how many photons we can realistically expect in a single shot and whether multiple shots are needed.
Our calculation are guided by the experimental capabilities of the European XFEL that can deliver 6.457 keV x-ray beams of variable duration. We consider two scenarios. In the first scenario, the x-ray beam duration is 10 fs and the number of x-ray photons is 5×10 11 . In the second scenario, the x-ray beam duration is 100 fs and the number of x-ray photons is ten times higher. The xray beam cross section that we denote as S probe is 20 µm by 20 µm in both cases, which yields δN probe ≈ N probe /S probe x-ray photons per unit area of the target. We use this photon number to probe the magnetic field in our 3D PIC simulations. The final result can be easily re-scaled if this number is different.
We have already shown that the polarization plane of the x-ray beam rotates after it traverses the magnetic field filament. Let us assume that the original x-ray beam is linearly polarized Figure 10 : Predicted signal for 10 fs and 100 fs x-ray beams probing the magnetic field filament generated using the optimized setup for the f2 laser focusing configuration (see Table 2 ). (a) The probability for a photon to hit a single CCD camera pixel, as defined by Eq. (8). The 10 fs beam probes the magnetic filament over 165 fs ≤ t ≤ 175 fs. (b) The number of photons per pixel, as defined by Eq. (7), for a 100 fs beam probing the magnetic filament over a time interval 140 fs ≤ t ≤ 240 fs.
along the x-axis. Then the transmitted beam has a z-polarized component whose amplitude is E z = E 0 sin(∆φ) ≈ E 0 ∆φ, where E 0 is the amplitude of the incoming x-ray beam and ∆φ is a very small polarization rotation angle. Here we neglect any x-ray absorption. If this transversely polarized component can be separated from the transmitted beam, then the intensity of the resulting beam would be smaller than the intensity of the original probe beam by a factor of (∆φ)
2 . In practice, this can be achieved by employing channel cut crystals [35, 36] . In order to make our results easier to interpret, we neglect any loss of photons representing the rotated (transversely polarized) component. In reality, this is not necessarily the case and our results would need to be re-scaled using an appropriate multiplier representing the photon loss for a given detection setup.
Using the described approach, we find that the number of photons per unit area in the transversely polarized beam is
where (∆φ) 2 is a function of x and z. A photon detector has its own spatial resolution that we would like to take into account in our analysis because it is likely to impact the resolution of the detected signal. In the case of a CCD camera [18] , the resolution is dictated by the size of a pixel. We find that, for a magnification factor of 30, a pixel with transverse dimension of 13 µm by 13 µm corresponds to an area of S pixel ≈ 0.2 µm 2 in the cross section of the target [i.e. an area in the (x, z)-plane of the simulation]. The corresponding dimensions are 0.43 µm by 0.43 µm. We use the following expression to compute the number of photons per pixel using our simulation results
Anticipating that the total photon count, N out is likely to be low, we also introduce a probability for a photon to hit a given pixel
This probability can be used to generate the detector signal for a limited number of detected photons using a Monte Carlo algorithm. Equations (7) and (8) are provided in order to improve the usability of our results by making it clear that using a different pixel size (S * in the (x, y)-plane) requires one to simply multiply our results by a ratio of S * /S pixel . Figure 10a shows the discussed probability for a 10 fs x-ray beam probing the magnetic field filament generated using the optimized setup for the f2 laser focusing configuration (see Table 2 ). As expected, the total number of detected photons is very low in this case, N out ≈ 76. It takes roughly 12 fs for the x-ray photons to traverse the magnetic filament. We use a single snapshot taken at t = 170 fs of time-averaged quantities from our 3D simulation to obtain the result shown in Fig. 10a , with the time-averaging performed over four laser periods.
Using a longer probe pulse of 100 fs roughly increases the number of detected photons by an order of magnitude to N out ≈ 670. The magnetic filament evolves on this time scale, so the calculation is performed using five different snapshots of time-averaged quantities that are taken 20 fs apart. The result is shown in Figure 10b , where we plot the number of photons per pixel, N ph /pixel. The pixels with less than one photon are not shown on this plot. It appears that the total number of detected photons is sufficient to resolve the shape of the magnetic filament embedded in a target.
We conclude this section by discussing the impact of the photon polarization purity in the probe beam. We have so far assumed that the incoming beam is linearly polarized along the x-axis. In reality, the probe beam might contain a small number of photons that are already polarized along the z-axis. The polarization purity P is usually defined as a ratio of the number of these photons to the total number of photons [36] . It is the same as the ratio of the intensity of the z-polarized part of the beam to the total beam intensity. These photons would contaminate the signal that we have calculated and plotted in Fig. 10 by introducing noise. The strength of our signal is approximately
whereas the expected noise level due to the finite polarization purity P is
By comparing the two expressions, we conclude that the noise level might be tolerable if the polarization purity satisfies the requirement
for a characteristic rotation angle predicted by the simulations. In our case, we have ∆φ ≈ 10 −4 rad, which sets a maximum acceptable value for the polarization purity of P max ≈ 10 −8 . The polarization purity for the European XFEL is expected satisfy the condition (11) by employing a polarimetry setup similar to that discussed in Ref. [36] . The results presented in this section of the manuscript should be viewed as an upper estimate for the number of detectable photons, denoted as N out . An experimental detection setup would necessarily have a transmission coefficient T that is less than unity, which would reduce the number of photons to T N out . We anticipate a value of T ≈ 10 −2 . In this case, the number of photons would become too low for single-shot detection and the magnetic field detection would require accumulating the signal over at least tens of shots.
Summary and conclusions
We have considered a setup where a laser pulse of extreme intensity drives a strong quasi-static azimuthal magnetic field in a classically over-critical plasma with n e n cr . This paper examines the feasibility of using an x-ray beam from the European XFEL for the detection of the magnetic field. The magnetic field embedded in the plasma rotates the polarization plane of the incoming x-ray beam. We find that for the 6.457 keV x-ray probe beam and a 0.4 MT magnetic field the strongest rotation occurs when the x-ray beam propagates parallel to the magnetic field lines, which is the Faraday rotation (see Appendix A).
Relativistically induced transparency plays a critical role in generating the considered volumetric magnetic field, as it allows the laser pulse to propagate through the over-critical plasma. However, our simulations show that the relativistically induced transparency also significantly reduces the Faraday rotation and it is therefore detrimental in the context of the considered probing technique. We have shown, for the first time, that the rotation angle can be increased by roughly an order of magnitude by employing structured targets that contain a relativistically transparent channel surrounded by relativistically near-critical material. The enhancement takes place because the plasma density increases at the periphery where the magnetic field is strong, while, at the same time, the local average γ-factor drops due to mixing between hot electrons from the channel with cold electrons from the surrounding material. The resulting rotation angle is roughly ∆φ ≈ 10 −4 rad.
We have also considered different laser focusing configurations while keeping the energy of the incoming laser pulse in our 3D PIC simulations constant. Our main conclusion is that choosing an f2 setup for the first day experiments at the HED instrument at the European XFEL would allow us to meet stringent demands on the experimental setup and laser beam focusing quality without reducing the rotation or the magnetic field strength. The Faraday rotation produces an x-ray beam that is transversely polarized with respect to the original probe beam. The detection of this beam is a possible path towards the detection of the strong magnetic field embedded in a dense plasma. We have evaluated the number of photons in this beam and found that it is roughly 10 3 for a 100 fs long probe beam with 5 × 10 12 photons. We have concluded that based on the predicted rotation angle the polarization purity must be much better than P ≈ 10 −8 in order to detect the signal above the noise level. We also find that single-shot detection may not be feasible if the transmission coefficient of the experimental detection setup is 10 −2 . In this case, the photon signal must be accumulated of tens of shots.
We have also performed additional 3D PIC simulations to determine what one should expect for a different channel material and a different channel density (see Appendix B). Even though all of the simulations are performed for a hydrogen-filled channel with n e = 20n cr , we find that another material can be used to fill the channel without affecting the outcome if that is more practical in terms of target manufacturing techniques. A carbon-filled channel produces an almost identical magnetic filament. However, we find that the electron density in the channel is an influential parameter. A denser channel (n e = 40n cr ) slows down the laser pulse propagation and the magnetic field filament becomes shorter while the maximum rotation angle remains unaffected. This can reduce the detectable area, causing an appreciable reduction in the number of the detectable x-ray photons. A detailed parameter scan is required to determine the optimal electron density in the channel.
Appendices

A Reduction of the Faraday and Cotton-Mouton effects in a relativistic plasma
It is well-known that the optical properties of a plasma are dependent on the average electron energy if this energy is relativistic. The Faraday rotation is no exception, but the impact of electron heating on the polarization rotation is often characterized using electron temperature [30, 31, 32, 33, 34] . This is not a convenient parameter for our present work, because the distribution function is not an input function. A more convenient parameter is the distribution-averaged relativistic γ-factor, γ av , since this parameter can be readily computed in a kinetic simulation. The polarization rotation is given by Eq. (5), where α represents the change of the optical properties caused by relativistic electron motion in a uniformly heated plasma with a uniform density. In what follows, we determine the expression for α in terms of γ av that is then used in the main part of the paper to evaluate the polarization rotation in a non-uniformly heated plasma with density gradients. Our approach is to perform a parameter scan where the Faraday rotation is computed for different initial values of γ av . The plasma is irradiated by a low amplitude plane electromagnetic wave, so that the electron heating by the wave is negligible and the wave can be treated as a probe.
We have performed a set of one-dimensional (1D) PIC simulations where the electron distribution is initialized as an isotropic Maxwell-Jüttner distribution in momentum space [39, 40] , f (p)dp = n e ζK 2 (ζ −1 ) exp
Here p is the amplitude of the electron momentum, n e is the electron density, K 2 is the modified Bessel function of the second kind, and
is the normalized electron temperature. The distribution given by Eq. (12) reduces to a nonrelativistic Maxwellian distribution for ζ 1. The original version of EPOCH [37] was modified in order to load macro-particles according to the Maxwell-Jüttner momentum distribution. In the modified version, the macro-particles are loaded using the Sobol method detailed by S. Zenitani [41] that employs rejection sampling and spherical scattering.
In our 1D PIC simulations, a uniform plasma with n e = 7.2×10 25 m −3 is irradiated by a linearly polarized probe pulse propagating along the x-axis. An externally applied 40 kT uniform magnetic field is also directed along the x-axis. The pulse amplitude increases from zero to a 0 ≈ 0.022 and then remains constant. The electric field in the incoming pulse has only one component, which is E z . Without any loss of generality, we use a pulse with 30 eV photons whose corresponding wavelength is 0.04 µm instead of using a 6.457 keV x-ray pulse whose wavelength is much shorter. As discussed in Section 3, the polarization rotation scales as ∆φ ∝ 1/ω 2 * , which is equivalent to ∆φ ∝ λ 2 , where λ is the vacuum wavelength corresponding to the pulse frequency ω * . Using a pulse with a longer wavelength allows us to observe appreciable rotation over a much shorter distance, making the 1D scan shown in Fig. 12 less demanding in terms of computational resources. Figure 11 : Spatially resolved Faraday rotation induced by a plasma with T e = 0 MeV, T e = 0.1 MeV, and T e = 0.5 MeV. The color-coding indicates the distance along the magnetic field lines from the plasma edge where the pulse enters the plasma. Note that the data aspect ratio is set to 1:0.2 to clearly display the rotation. Figure 11 shows examples of the calculated Faraday rotation in our 1D PIC simulations for three different electron temperatures. The electric field remains essentially linearly polarized, with the biggest effect being the rotation of the polarization. The rotation angle increases linearly with the distance from the plasma edge, which is consistent with Eq. (5). The relativistic correction α is determined by dividing ∆φ in a plasma with a given T e by ∆φ in a plasma with cold electrons that we denote as ∆φ cold . The polarization rotation ∆φ is compared for the same distance from the plasma edge in both cases.
The result of a scan that yields α = ∆φ/∆φ cold as a function of T e is shown in Fig. 12a . The relativistic correction α is well described by K 0 (ζ −1 )/K 2 (ζ −1 ) [30, 31, 32] over a wide range of relativistic electron temperatures. At high temperatures, the correction is well approximated by ln(ζ)/2ζ 2 . There is a one-to-one correspondence between ζ and γ av that we determine numerically for the Maxwell-Jüttner distribution. We then use it to plot the scan result from Fig. 12a versus γ av in Fig. 12b .
The relativistic correction α in Fig. 12b roughly scales as 1/γ 2 av for γ av 1. This trend agrees well with the estimate given by Eq. (4). As expected, our result also shows that there is no correction, i.e. α = 1, in the limit of γ av → 1. In order to obtain an expression for α in the intermediate range, we used numerical fitting and found that the simulation results are well approximated by α = 2.141 exp (−1.508γ av ) + 0.6913 exp (−0.2856γ av ) , for γ av ≤ 6 2.5γ −2 av ln (γ av ) , for γ av > 6.
We have so far only considered the case where the probe beam propagates parallel to the magnetic field lines. However, the polarization of the incoming beam also changes if the beam propagates at an angle to the magnetic field lines. In what follows, we assess the impact of the magnetic field for a limiting case of perpendicular propagation. If the plasma is cold, then the effect of the magnetic field is well-known. The polarization of the transverse electric field changes from linear to elliptical as the incoming electromagnetic wave enters and propagates through the plasma. This effect is often referred to as the Cotton-Mouton (CM) effect. In contrast to the parallel case, the propagating wave is now a superposition of an O-mode and an X-mode that are both linearly polarized in the plane transverse to the direction of the propagation. The phase velocity of these two modes are different, so their superposition becomes elliptically polarized as the phase difference, ∆φ CM , accumulates. It should be pointed out that the effect disappears if the transverse electric field is either purely parallel or perpendicular to the magnetic field.
In the cold plasma limit, the phase difference between two eigenmodes for the propagation parallel and perpendicular to the magnetic field are given by [42] 
In the case of parallel propagation, it is the already discussed effect of the Faraday rotation (FR).
Here ω pe is the electron plasma frequency, ω ce is the electron cyclotron frequency, ω * is the frequency of the probe beam, and ∆l is the distance travelled by the probe beam. It follows from Eqs. (15) and (16) that the ratio between the two is ∆φ cold
We find that ω ce /ω * ≡ (ω ce /ω * ) exp ≈ 7 × 10
for a 6.457 keV x-ray probe beam and a 0.4 MT magnetic field. We therefore conclude that, for the experimentally relevant parameters, the phase shift is suppressed by at least two orders of magnitude if the probe beam travels perpendicular to the magnetic field in a cold plasma. In order to confirm that ∆φ ⊥ /∆φ remains small at relativistic electron temperatures, we have performed a series of 1D simulations whose results are shown in Fig. 13 . We use the same plasma and probe beam parameters that were used to obtain Figs. 12a and 12b. In the case of perpendicular propagation, the polarization plane of the linearly polarized incoming beam is tilted by π/4 with respect to the magnetic field. This ensures that there is no significant difference between the amplitudes of the O and X-modes excited in the plasma, which makes the numerical detection of ∆φ ⊥ easier. In order to aid the comparison between ∆φ and ∆φ ⊥ , we normalize the two quantities by ∆φ cold . Note that ∆φ cold is the biggest possible phase difference over the same propagation length and it corresponds to the Faraday rotation in a cold plasma. The value of ∆φ ⊥ is too small to be easily detectable in simulations with experimentally relevant parameters, i.e. ω ce /ω * = (ω ce /ω * ) exp . We thus deliberately set the ratio of ω ce /ω * to (ω ce /ω * ) sim ≈ 0.15 to increase ∆φ ⊥ and make it detectable. In order to make the comparison between ∆φ and ∆φ ⊥ relevant to the experimental setup that we are investigating, we multiply the calculated values of ∆φ ⊥ by (ω ce /ω * ) exp / (ω ce /ω * ) sim . The result shown in Fig. 13 confirms that in a plasma with relativistic electrons the effect of the magnetic field remains much stronger for the probe propagating parallel to the magnetic field lines.
B Faraday rotation for a denser channel and for a channel filled with carbon
In the main text, we optimize the radius of a structured target for different laser focusing configurations. In all of the presented simulations, the channel is filled with fully ionized hydrogen whose corresponding electron density is n e = 20n cr (see Table 1 ). We have performed two additional 3D
PIC simulations to determine what we should expect for a different channel material and a different channel density. Figure 14 : Snapshots of the x-ray beam polarization rotation in the case of the f1 laser focusing configuration detailed in Table 1 . (a) The rotation in a target whose channel is filled with fully ionized carbon. The electron density in the channel is n e = 20n cr . (b) The rotation in a target whose channel is filled with fully ionized hydrogen. The electron density in the channel is n e = 40n cr , which is twice the value listed in Table 1 . Figure 14a shows three snapshots from a simulation where the channel is filled with fully ionized carbon whose electron density is n e = 20n cr . The laser pulse and other target parameters are the same as in Table 1 . The rotation angle amplitude and the size of the detectable area with a strong magnetic field are very similar to those for a channel filled with hydrogen. The corresponding snapshots for a hydrogen-filled channel are not shown because they look almost identical. This indicates that we are not constrained by using hydrogen and another material can be used to fill the channel if that is more practical in terms of target manufacturing techniques. Figure 14b shows snapshots from a simulation where the channel is filled with fully ionized hydrogen whose electron density (n e = 40n cr ) is twice the value listed in Table 1 . All other simulation parameters are the same as in Table 1 . This denser channel slows down the laser pulse propagation and the magnetic field filament becomes shorter. This is evident from Figure 14b , where the area with the strong rotation is almost two times shorter compared to that in the corresponding snapshots of Fig. 14a . The rotation angle however remains relatively unaffected. This result suggests that the setup can be further optimized by changing the electron density in the channel. A detailed parameter scan is required to determine the optimal electron density in the channel.
